Abstract. Bounds to different quantities of atomic systems, related in a direct way to the single-particle electron density of the system (such as the kinetic energy. T, the exchange energy in the Dim-Slater form, E,,, the average radial density, ( p ) , and the electron density at the nucleus, p (0)). are given in terms of two radial expectation values of the form (rp) and (rP In r). The quality of the bounds is numerically studied within the Hartree-Fock framework.
I. Introduction
Interesting inequalities relating fundamental quantities of fermionic systems, such as the total kinetic and exchange energies and, for atoms, the average electron density and the atomic density at the nucleus, to radial expectation values can be found in the recent literature (Hoffmann-Ostenhof et a1 1978 , Tal and Levy 1980 , Thirring 1981 , King 1984 , Galvez and Dehesa 1987 , GBlvez et a1 1988 , Dehesa er a1 1989a , b, Gdlvez and Porras 1991 .
Some of these inequalities are based on the bounds recently found (Gglvez and Dehesa 1987 , Dehesa er al1989b, Gdlvez and Porras 1991 to the quantities U,, which depend on the single-particle density p(r) as in terms of any two radial expectation values (r') and (rfl), a and / 3 being real numbers, defined by (r8)= rflp(r) dr. 
In particular. the following inequalities between density functionals w,, for t > 1, (i) 
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(ii) For/3<~<-3(t-l)/1: (a,P) where F, and F2 denote:
Fda,P.*)= [ 4 n~( [ r ( B + 3 ) 
and 5 % denotes Euler's beta function.
dependent quantities.
Particular cases of these inequalities provide bounds to the following density-(a) The total kinetic energy (Dehesa er a1 1989b):
where
and Tu is called the Thomas-Fermi kinetic energy of the system (atomic units are used throughout the text). Exact and conjectured values of C can be found in Lieb and Thirring (1976) and Lieb (1984) . An important particular case is found (GBlvez and Dehesa 1987) when a=O,p=-I:
Tu a 2"" "sK~As/dO, -1).
(b) The Dirac-Slater exchange energy is bounded by (Dehesa et al 1989b) E,,=-KtWY3~-KEB1;3(arP)
f o r p < a < -314
w,here and which for a = -1 and P = -2 can be written as (c) The average electron density for atoms is also bounded by (Dehesa er a1 1989a):
which, for u=O a n d p = 1. reduces to (d) The atomic electron density at the origin (GBlvez et a1 1988) , in the approximation of infinite nuclear mass, in which it has been numerically shown that p(0) is the maximum of p ( r ) (Weinstein et a1 1975) . This allows us to write: (9). (12), (13) and (16) are remarked because they provide the most accurate bounds for atoms, respectively, of equations (7), (lo), (13) and (15) when tested by using the Hartree-Fock values of the quantities involved.
The aim of this work is to find bounds to the functionals w , defined by equation (1) in terms of (rP) (also called moment around the origin of order p of the density p ( r ) )
and (rR In r), the logarithmic expectation value of order p. which is defined
These logarithmic expectation values have been determined recently for oneelectron atoms (hioreno et a1 1991). The value of zero order, (In r) has a particular interest because it provides tight bounds to the information entropy of atoms (Angulo and Dehesa 1992) .
So, in section 2 we will describe the method used to obtain lower bounds to the functionals w, in terms of the expectation values ( r a ) and (ra In r). In section 3 these inequalities will be restricted to special values of t in w, to find lower bounds to different physical atomic quantities. A test of these inequalities within the Hartree-Fock framework will be also included. Finally some conclusions are given.
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Method and general results
In order to obtain lower bounds to the functional w, of the density p ( r ) in terms of ( r P ) and (#In r), we solve the variational equation (18) (2 a n d p being Lagrange's multipliers) for a density functionf(r) such that its moment of order B, and its logarithmic expectation value of also order p be equal to those of the single-particle density of the system, i.e. that (rP In r) = rly In r f ( r ) dr. Here the parameters C and a are related in a simple way to i and p. Now the following steps must be done.
Evaluate the quantities
Determine the parameters C and a in terms of (ra) and ( r P In r) for each fi(r).
Prove the inequalities ~, Z = U /~' , j = 1, 2. This can be done following the lines This is possible because the constraints given by equation (19).
indicated in (Gblvez and Porras 1991).
Then, the following results are obtained (Porras 1992) .
Finally let us comment that the inequalities (23) and (24) would also be obtained by taking the limit a d p in the inequalities (3) and (4). 
Particular cases and numerical tests
Here, we will use inequalities (23) and (24) to obtain lower bounds to the quantities defined in section 1. In particular inequalities (23) and (24) allow us to write as follows.
(i) if p> -9, then:
(a) For the kinetic energy:
Particular cases of interest are the following:
A numerical test of these bounds by using the Hartree-Fock wavefunctions of Clementi and Roetti (1974) , shows US that they do not improve the accuracy of equation (9), except K7Cjf3(O) for hydrogen and helium.
(b) For the Dirac-Slater exchange energy, the following bounds are obtained:
(ii) if p < -4:
We have performed a numerical test of these bounds, by using Hartree-Fock values for (#In r), which are displayed in table 1 for some atoms in the range 2= 1-54. These values have been evaluated by using the near-Hartree-Fock wavefunctions of Clementi and Roetti (1974) . We have found that the most accurate bounds to E, are given by the two following inequalities:
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The quality of these bounds is analysed for various neutral atoms in table 2 where they are compared with the Hartree-Fock valucs of -Eex and the best bound previously known ( K E B 4 / 3 ( -l , -2), (equation (12))), in terms of two radial expectation values. We can see how the bound KECu3(0) is accurate for small-2 atoms, and the important improvement of Z Y~D~,~ ( -~) with respect to K6B4,>(-1, -2) for greater-2 atoms.
(c) For the average electron density of an atom we find:
(ii) if p< -Q:
Particular cases of these bounds are:
which are found to be the most accurate bounds when tested within the same model.
In table 3 we compare their values to those of ( p ) and the previous result, A2(0, -1). 
Z -Eex
KEo4,3(-1)
K,C,,,(O)
Kc&;,(-l. be noticed that. for high-2 atoms, the values of C,(-2) (equation (39)) are more than twice those of A = ( -] , -2). We have also tested equation (25) and (29) for nuclear systems (Porras 1992) . For these systems the improvement with respect to previous results is very slight. The most important result is produced by equation (27) which relates for these systcms the kinetic energy to thc logarithmic mean radius, (In r), a quantity related to electron scattering at high energies (Lenz and Rosenfelder 1971) , improving the accuracy of previous bounds in terms of radial expectation values for light nuclei.
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Conclusions
In summary, we have found two sets of lower bounds to the density-dependent quantitiesw, in terms of the expectation values { r P ) , (r"n r). They were used to obtain bounds to the kinetic and exchange energies, the average electron density and the value of the electron density of an atom at the origin. In general these hounds improve the accuracy of the previous ones known.
